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Abstract
A central question in free-space optical communications is how to im-
prove the transfer of information between a transmitter and receiver. The
capacity of the communication channel can be increased by multiplexing of
independent modes using either: (1) the MIMO (Multiple-Input-Multiple-
Output) approach, where the communication is done with modes obtained
from the singular value decomposition of the transfer matrix from the
transmitter array to the receiver array, or (2) the OAM (Orbital Angular
Momentum) approach, which uses vortex beams that carry angular mo-
menta. In both cases, the number of usable modes is limited by the finite
aperture of the transmitter and receiver, and the effect of the turbulent
atmosphere. The goal of this paper is twofold: First, we show that the
MIMO and OAM multiplexing schemes are closely related. Specifically,
in the case of circular apertures, the usable singular modes of the transfer
matrix are essentially the same as the commonly used Laguerre-Gauss
vortex beams, provided these have a special radius that depends on the
wavelength, the distance from the transmitter to the receiver and the ratio
of the radii of their apertures. Second, we study the effect of atmospheric
turbulence on the communication modes using the phase screen method
put in the mathematical framework of beam propagation in random me-
dia.
1 Introduction
In free-space optical communications, one seeks to transfer information between
a transmitter array and a receiver array using laser beams. It is an important
technology for line-of-sight communication between moving locations (e.g. in
satellite communication), or for settings where fiber-based systems do not exist.
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A central question is how to increase the capacity of the communication channel
via multiplexing independent sub-channels called modes. Typically, these are
defined as special orthogonal solutions of the Helmholtz equation in homoge-
neous transmission media. Orbital Angular Momentum (OAM) beams [9, 2] are
such solutions, also known as vortex beams [8, Chapter 2], because they exhibit
a vortex on the axis of the beam, where the intensity is zero and the phase is
not defined. Popular examples of OAM beams are: (1) Bessel beams, which
have the desirable nondiffractive property, but cannot be realized in practice
as they carry infinite energy [3]. Therefore, they are approximated via some
truncation strategy to obtain, for example, the Bessel-Gauss beams [10]. (2)
Hermite-Gauss and Laguerre-Gauss beams [20, Section 16], which are solutions
of the paraxial approximation of the Helmholtz equation in rectangular and
cylindrical coordinates, respectively. The Laguerre-Gauss beams are of special
interest because they are easily realizable in practice [1, 23].
OAM beams have received much attention because by changing their az-
imuthal angle θ dependency exp(ijθ), where the integer j is the so-called topo-
logical charge, one can create in theory an infinite number of modes. However,
the number of usable modes is limited in practice by the finite size of the aper-
tures of the transmitter and receiver, the interaction of the beam with the at-
mosphere and noise. If these factors are not taken into account, then the modes
are no longer orthogonal at the receiver end, meaning that there is channel
cross-talk and loss of information [1, 5].
The finite aperture size can be accounted for by using a Singular Value
Decomposition (SVD) based Multiple-Input-Multiple-Output (MIMO) multi-
plexing approach, where the modes are singular vectors of the transfer matrix
[13]. The transmission modes are the right singular vectors and the received
modes are the left singular vectors. The SVD gives the optimal useable commu-
nication modes, corresponding to the significant singular values. Ideally, these
modes should be determined by measuring the transfer matrix and then car-
rying out its SVD decomposition. However, the atmosphere changes in time
and repeated measurements of the transfer matrix may be difficult to make in
practice. This has motivated studies like [1, 5, 18], which seek to quantify with
numerical simulations the effect of atmospheric turbulence on modes calculated
for a proxy transfer matrix in a synthetic homogeneous medium.
A much debated issue has been the advantage of using OAM beams versus
MIMO multiplexing [4, 6, 14]. Here we show that in fact the two approaches are
closely related. We consider a paraxial beam propagation model and assume
that we can approximate the transmission and receiver arrays by continuous
disk shaped apertures. Then, the SVD of the proxy transfer matrix has an
explicit solution in terms of the circular prolate spheroidal functions [21, 12]. If
we let aR and aT be the radii of the receiver and transmitter arrays, and denote
by λ the wavelength and L the transmission distance, the matrix has
N =
pia2R
[λL/(2aT )]2
(1)
singular values that are very close to one, and the remaining ones plunge rapidly
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toward zero. A large singular value means that the mode carries large power
within the receiver aperture and is thus less affected by noise. Physically, the
numberN can be interpreted as the number of focal spots of linear size λL/(2aT )
that fit in the receiver aperture area pia2R. The interesting regime for communi-
cations corresponds to a large N , so that one can multiplex the many N useable
modes.
It has been observed in [19, 17] that in the case of soft apertures, with Gaus-
sian apodization, the convenient Laguerre-Gauss beams are the modes given by
the SVD. The similarity of some Laguerre-Gauss beam modes and the circular
prolate spheroidal functions was also noticed in [17, 13]. Using the theory of cir-
cular prolate spheroidal functions [21], we show that in fact the Laguerre-Gauss
beam modes are the significant modes given by the SVD even for hard aperture
thresholding, as long as their radius is carefully calibrated in terms of the wave-
length λ, the propagation distance L, and the ratio aT /aR as prescribed by the
forthcoming formula (15).
Some recent studies [5] have found that Bessel-Gauss OAM beams are more
robust to turbulence effects than the Laguerre-Gauss beams. Here we show that,
provided the Laguerre-Gauss beams are calibrated as stated above, the opposite
is true. We study the effect of turbulence using the mathematical theory of
paraxial wave propagation in random media with statistics corresponding to
Kolmogorov type turbulence. We use the theory to put numerical phase screen
simulation results [16, 22] in a mathematical framework and to clarify the link
between the phase screen parameters and the turbulence model.
The paper is organized as follows. In Section 2 we consider laser beam propa-
gation in homogeneous free space and study different candidates to multiplexing
schemes. In particular, we identify the leading singular vectors of the transfer
matrix that are used in the MIMO approach and show that they are related
to Gauss-Laguerre modes. In Section 3 we consider laser beam propagation
through the turbulent atmosphere and give the Itoˆ-Schro¨dinger mathematical
model which characterizes the statistics of the transmitted beams. In Section
4 we quantify the robustness of different multiplexing schemes with respect to
the turbulent atmosphere. We conclude with a brief summary in section 5.
2 Homogeneous paraxial wave equation
In this section we describe classical beams that exhibit orthogonality when they
propagate through a homogeneous medium. They are approximate solutions of
the Helmholtz equation of the form u(r, θ, z) exp(ikz), with u(r, θ, z) satisfying
the paraxial wave equation [20],
2ik∂zu(r, θ, z) + ∆⊥u(r, θ, z) = 0, (2)
where k = 2pi/λ is the wavenumber. Because we assume circular apertures of
the transmitter and receiver arrays, we use the cylindrical coordinates (r, θ, z),
with z measured along the axis of the beam, radius r and azimuth θ. The
operator ∆⊥ = r−1∂r
(
r∂r ·
)
+ r−2∂2θ is the transverse Laplacian. We assume
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throughout an input beam profile u(r, θ, z = 0) with slow variation with respect
to λ, so that the paraxial approximation is valid.
2.1 Bessel-Gauss beams
Let β > 0 and ro > 0 be such that k  β and kro  1. For any integer j, the
input profile of the j-th Bessel-Gauss beam is [8, Section 12.1]
uBGj (r, θ, z = 0) = Jj
(
βr
)
exp
(
− r
2
r2o
)
exp
(
ijθ
)
, (3)
where Jj is the Bessel function of the first kind. After propagation over a
distance z in the homogeneous medium, the output profile is
uBGj (r, θ, z) =
ro
rz
Jj
( βr
1 + i zzR
)
exp
[(
r2 +
β2z2
k2
)(
− 1
r2z
+ i
k
2Rz
)]
× exp
[
ijθ − iβ
2
2k
z − i atan
( z
zR
)]
, (4)
where zR = kr
2
o/2 is the Rayleigh length, rz, resp. Rz, is the radius of a standard
Gaussian beam at distance z, resp. the radius of curvature of the wavefront:
rz = ro
(
1 +
z2
z2R
) 1
2
, Rz = z
(
1 +
z2R
z2
)
. (5)
If ro → +∞ then (4) tends to
uj(r, θ, z) = Jj(βr) exp
(
ijθ − iβ
2
2k
z
)
,
the ideal j-th Bessel beam [8, Section 12.1] which is diffraction-free, but cannot
be realized in practice as it has infinite energy (L2-norm).
2.2 Laguerre-Gauss beams
Let ro > 0 be such that kro  1 and p, j be integers with p ≥ 0. The input
profile of the (p, j)-th Laguerre-Gauss mode is [8, Section 2.2]
uLGp,j (r, θ, z = 0) =
√
2p!
pi(|j|+ p)!
(√2r
ro
)|j|
L|j|p
(2r2
r2o
)
× exp
(
− r
2
r2o
+ ijθ
)
, (6)
where Ljp is the generalized Laguerre polynomial L
j
p(s) =
ess−j
p!
dp
dsp (e
−ssp+j).
The input Laguerre-Gauss profiles are not compactly supported. However, their
essential supports are disks with radii of the order of ro for the low-order modes,
and of the order
√|j|ro for high mode indexes |j| [15].
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After propagation over a distance z in the homogeneous medium, the Laguerre-
Gauss beam profiles are
uLGp,j (r, θ, z) =
√
2p!
pi(|j|+ p)!
ro
rz
(√2r
rz
)|j|
L|j|p
(2r2
r2z
)
× exp
[
r2
(
− 1
r2z
+
ik
2Rz
)]
× exp
[
ijθ − i(|j|+ 2p+ 1)atan
( z
zR
)]
. (7)
The beams widen due to diffraction, as modeled by the beam radius rz and the
radius Rz of curvature of the wavefront defined in (5).
2.3 SVD based MIMO multiplexing
Bessel-Gauss and Laguerre-Gauss beams are two of the many examples of or-
thogonal modes that carry an angular momentum i.e., a phase of the form
exp(ijθ) which is kept invariant during the propagation. In theory, for trans-
mission through the homogeneous medium, and for infinite transmitter and
receiver apertures, the countably infinite family of such orthogonal modes could
be used to obtain an indefinite increase in the capacity of the communication
channel. In reality, this cannot be achieved due to the finite transmitter and
receiver apertures and heterogeneity in the transmission medium. We describe
here the limitations imposed by the finite apertures and postpone until section
3 the discussion of the effect of a turbulent transmission medium.
A systematic approach for describing which beams are most appropriate for
communication between a transmitter and receiver array is given by the SVD
of the transfer matrix T . Assuming that the transmitter array has nT elements
and the receiver array has nR elements, this is an nR×nT matrix with complex
entries Tt,r corresponding to the complex wave amplitude at the r−th receiver,
due to a unit input at the t−th transmitter. The matrix T can be computed
by solving the wave equation in the homogeneous medium. Its right singular
vectors are the orthonormal input profiles that can be used in multiplexing at
the transmitter array. The left singular vectors form the orthonormal basis that
can be used for demultiplexing at the receiver array.
2.4 SVD in the continuum approximation
If the transmitters and receivers are closely spaced in the arrays with radii aT
and aR, in the sense that their linear size is smaller than the Rayleigh resolution
limit λL/[2 max{aT , aR}], we can approximate the arrays by the continuous
apertures
AT,R = {x = (r cos θ, r sin θ), 0 ≤ r ≤ aT,R, θ ∈ [0, 2pi]}.
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In this continuous setting, the transfer matrix becomes the linear integral oper-
ator T : L2(AT ) 7→ L2(AR),
u(x, L) = T uo(x) =
∫
AT
uo(x
′)G ((x, L), (x′, 0)) dx′, (8)
for x ∈ AR, where uo(x) = u(x, 0) is the input beam profile at the transmitter
array and the kernel is the Green’s function of the paraxial equation (2),
G ((x, L), (x′, 0)) =
k
2ipiL
exp
(
i
k|x− x′|2
2L
)
. (9)
The right singular functions of T , which define the transmission modes in
the MIMO multiplexing, are of the form
uo(x) = exp
(
− ik|x|
2
2L
)
v
( x
aT
)
, x ∈ AT , (10)
where v(s) are the right singular functions of the linear integral operator S :
L2(B(0, 1)) 7→ L2(B(0, 1)) defined by
Sv(s) =
∫
B(0,1)
v(s′) exp
(− iCs · s′)ds′, s ∈ B(0, 1), (11)
with B(0, 1) the unit disk centered at the origin 0 of the cross-range plane and
C =
kaTaR
L
. (12)
The operator S was studied by Slepian [21]. Its singular functions v(s) are
the generalized prolate spheroidal functions, its first N = C2/pi singular values
(recall (1)) are close to 1/C, and the remaining ones plunge rapidly to zero.
We are interested in the case C  1, where there are N  1 transmission
modes of the form (10) available for multiplexing. For such C, it follows from
[21, Eq. (67)] that the leading singular functions of S behave like scaled Gauss-
Laguerre functions
vp,j(s) = exp
(
− C|s|
2
2
)
L|j|p (C|s|2)(
√
C|s|)|j|eijarg(s), (13)
for integers p, j, with p ≥ 0. Thus, we conclude from (10) that the transmission
modes are of the form (6) up to multiplicative constants,
up,j(x, z = 0) = exp
(
− ik|x|
2
2L
− |x|
2
r2o
)
Ljp
(2|x|2
r2o
)
|x|jeijarg(x), (14)
for the special radius
ro =
√
2LaT√
kaR
. (15)
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Figure 1: Left: Circular planar array with n = 2063 square elements with size
2mm in the disk shaped aperture A of radius a = 5cm. Right: The first 200
singular values of the transfer matrix for transmission distance L = 1km and
wavelength λ = 850nm.
They correspond to the following leading singular values of T [21, Eq. (93)],
Sp,j = 1−S′p,j
[
1 +O(C−1)
]
, (16)
with
S′p,j =
pi22|j|+4p+3C |j|+2p+1e−2C
p!(p+ |j|)! . (17)
Note that the quadratic phase in the first factor in (14) makes the beam
focus at distance (beam waist) L/(1 + a2R/a
2
T ). The beam then diffracts from
there to the receiver array, to get an output profile that is similar to the emitted
one, but rescaled by the radius aR.
2.5 Illustration
We consider throughout a practical setup for free-space optical communication
with laser beams [5] at wavelength λ = 850nm, using transmitter and receiver
arrays with the same circular aperture A, of radius a = aT = aR = 5cm. The
arrays have n = nT = nR = 2063 square elements with side length 2mm (see
left plot in Figure 1). The transmission distance is L = 1km. Note that the
aperture is not centered at the origin (0, 0), but at (5, 5)cm. All the beam axes
are shifted to pass through this center.
The singular value decomposition described in section 2.4 is relevant here,
because the Rayleigh resolution limit λoL/(2a) = 8.5mm is larger than the 2mm
size of the elements of the arrays. After computing the n×n transfer matrix in
the homogeneous medium and carrying out its SVD, we find the singular values
displayed in the right plot in Figure 1. There are approximately 100 large ones,
which is very close to the theoretical estimate (1) of the essential rank of the
integral operator (8) that predicts N = 109. The right singular vectors give
the orthonormal input profiles to be used in the MIMO multiplexing. The left
singular vectors give the basis on which we project the wave at the receiver
array, for demultiplexing. In our illustration the transmitter and receiver ar-
rays are identical, so the transfer matrix is complex symmetric and the right
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and left singular vectors are the same. We ensure that this is the case in the
computations by using the symmetric (Takagi) SVD.
Figure 2: Moduli of the mode profiles. The axes are in meters.
The mode profiles are stepwise constant functions on the elements of the
array, with values given by the singular vectors. We plot in Figure 2 the moduli
of the first 12 modes. For comparison, we also display in Figure 3 the absolute
values of the real and imaginary parts of the Laguerre-Gauss modes with initial
radius ro = 1.64cm calculated from (15). These modes are sorted according
to their power fraction in A. As expected from (14), the plots in Figures 2
and 3 are basically the same, aside from a rotation by the angle pi/4, which is
irrelevant because A is rotation invariant.
Eqs. (16-17) estimate the leading singular values, with corrections S′p,j dis-
played in Table 1. The sorting displayed in this table is the same as the sorting
based on the power fraction in A, used in Figure 3.
(p, j) (0, 0) (0, 1) (0, 2) (1, 0) (0, 3) (1, 1) (0, 4)
S′p,j 4 · 10−14 3 · 10−12 10−10 2 · 10−10 3 · 10−9 8 · 10−9 5 · 10−8
Table 1: Values of S′p,j sorted in increasing order.
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Figure 3: Absolute values of the real and imaginary parts of the Laguerre-Gauss
modes with radius ro = 1.64cm. The profiles are sorted according to the power
fraction R in the transmitter aperture. The axes are in meters.
2.6 Discussion
The results in section 2.3 reconcile the MIMO approach, where the singular
vectors of the transfer matrix are used for multiplexing, and the OAM approach,
in which Laguerre-Gauss beams are used as transmission modes [8, section 6.2].
The useful modes correspond to the N large singular values or, equivalently, the
Laguerre-Gauss beams with large power within the aperture, and they coincide
for the two multiplexing approaches, provided that the initial radius ro is chosen
as in (15). Note that for this radius, the Rayleigh length satisfies zR = kr
2
o/2 =
LaT /aR, so the larger the transmitter aperture, the smaller the diffraction effect.
At large mode numbers, corresponding to negligible power within the aper-
ture, the Laguerre-Gauss modes and the singular vectors differ, because the
latter are compactly supported in the aperture and the former extend outside
the aperture. Obviously, such modes are not useful for transmitting information.
3 Communication through turbulence
The results in section 2 show that in the ideal case of transmission through a
homogeneous medium, the leading N modes determined from the SVD decom-
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position of the transfer matrix should be used as transmission modes. Moreover,
these modes are the Laguerre-Gauss beams with initial radius (15) in the case
of dense planar circular arrays and N  1. We now seek to quantify how such
a multiplexing scheme degrades in a turbulent transmission medium.
It was shown in [5] via numerical simulations, which do not account for
finite transmitter and receiver apertures, that Bessel-Gauss beams outperform
Laguerre-Gauss beams in channel efficiency through a turbulent medium. The
earlier paper [16] studied the probability of detection of the angular momentum
when a Laguerre-Gauss mode is transmitted through a turbulent medium by
using a formal propagation model. A similar approach was used in [22], where
the role of the turbulence strength measured in terms of the Fried parameter
(relative to the aperture) was discussed. Further insight using this framework
was provided in [18], where diffractive effects for relatively small aperture were
discussed both from analytic and experimental viewpoints.
Here we present a framework where the role of the turbulence is taken into
account in a rigorous fashion, and connect it to the phase screen model for
numerical wave propagation. We also derive explicit formulas for the cross-
correlations of the wave field in a specific scaling regime, corresponding to weak
diffraction. These formulas give good predictions of the performance of MIMO
and OAM multiplexing schemes, even for moderate diffraction, as explained in
section 4.
3.1 Random paraxial wave equation and phase screen
Beam propagation through a turbulent medium can be described mathemati-
cally by the random paraxial wave equation
2ik∂zu(x, z) + ∆⊥u(x, z) + k2V (x, z)u(x, z) = 0, (18)
for x ∈ R2 and z > 0, with initial condition
u(x, 0) = uo(x), (19)
where V (x, z) is a random potential. We are interested in a phase screen method
(i.e., a split-step Fourier method with grid step `z) for solving this equation.
This amounts to assuming that the random potential is stepwise constant in z
over intervals with length `z,
V (x, z) =
∑
n≥0
1[n`z,(n+1)`z)(z)Vn(x). (20)
Here Vn(x) are i.i.d. copies of a stationary two-dimensional Gaussian, zero-mean
random field with covariance function
E[Vn(x)Vn(x′)] = R(x− x′). (21)
We assume isotropic statistics, with covariance given by the Mate´rn model
R(x) = Rν(|x|),
Rν(r) = σ
2
Γ(ν)2ν−1
(
2
√
νr
`c
)ν
Kν
(
2
√
νr
`c
)
, (22)
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and power spectral density
R̂(κ) =
∫
R2
R(x)e−iκ·xdx = σ2 2
2ν+2piνν+1
`2νc
(
4ν
`2c
+ |κ|2
)−ν−1
. (23)
This model depends on three hyperparameters σ2, `c, ν, and Kν is the modified
Bessel function of second kind. The hyperparameter ν ∈ [1/2,∞) characterizes
the smoothness of the process (the realizations are ν′-Ho¨lder continuous, for
any ν′ < ν), σ2 = R(0) is the variance and `c is the correlation radius. In
the limit ν → ∞, we obtain from (22) the smooth Gaussian covariance model
R(x) = σ2 exp (− |x|2/`2c), whereas the other extreme ν = 1/2 gives the rough
exponential covariance model R(x) = σ2 exp (−√2|x|/`c).
We consider henceforth ν = 5/6, so that (22) gives a Kolmogorov-type model
with outer scale proportional to `c and inner scale equal to zero. More explicitly,
we recover from (23) the standard Kolmogorov model
R̂(κ) = 0.033C2n
(
1
L20
+ |κ|2
)−11/6
,
if we set ν = 5/6, `c = 2
√
νL0, and σ
2 = 0.033C2nL
2ν
0 /(4piν). With this parame-
terization, L0 is the outer scale of turbulence and C
2
n is the turbulence strength.
In Figure 4 we plot two realizations of a phase screen obtained with this model.
Figure 4: Two independent phase screens, with `c = 20 cm (L0 = 37 cm). The
coordinates x and y in the cross-range plane are in meters.
3.2 Itoˆ-Schro¨dinger model
It is proved in [7] that in the high frequency and long range regime λo  `c, ro 
L, the statistical distribution of the solution of (18–19) can be approximated by
that of the solution of the Itoˆ-Schro¨dinger equation
du(x, z) =
i
2k
∆⊥u(x, z) dz +
ik
2
u(x, z) ◦ dB(x, z),
with initial condition (19). We wrote this equation in Stratonovich form, and
B(x, z) is a Brownian field with covariance function
E
[
B(x, z)B(x′, z′)
]
= `zR(x− x′) min{z, z′}.
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The statistical moments of the beam can be calculated using Itoˆ’s formula
[11]. The first moment models the coherent (mean) wave and satisfies the
damped Schro¨dinger equation
∂zE[u(x, z)] =
i
2k
∆⊥E[u(x, z)]− k
2σ2`z
8
E[u(x, z)],
which can be solved explicitly to obtain
E[u(x, z)] =
∫
R2
uo(x
′)G ((x, z), (x′, 0)) dx′ exp
(
− k
2σ2`zz
8
)
. (24)
The first factor (the integral) is the beam in the homogeneous medium propa-
gated using the paraxial Green’s function (9). The exponential decay models
the loss of coherence of the beam due to scattering in the random medium.
The second moments of the beam can be described using the mean Wigner
transform
W(x,κ, z) =
∫
R2
exp
(− iκ · y)E[u(x+ y
2
, z
)
u
(
x− y
2
, z
)]
dy, (25)
where the bar denotes complex conjugate. This satisfies the radiative transport
equation [7]
∂zW(x,κ, z) + κ
k
· ∇xW(x,κ, z) = k
2`z
4(2pi)2
∫
R2
R̂(κ− κ′)
×
[
W(x,κ′, z)−W(x,κ, z)
]
dκ′, (26)
which can be solved explicitly
W(x,κ, z) = 1
(2pi)2
∫∫
R2×R2
Ŵo(ζ,y) exp
[
iζ ·
(
x− κ z
k
)]
× exp
[
−iκ · y + k
2`z
4
∫ z
0
R
(
y + ζ
z′
k
)
−R(0)dz′
]
dζdy, (27)
for Ŵo defined in terms of the initial beam profile (19) by
Ŵo(ζ,y) =
∫
R2
exp(−iζ · x)uo
(
x+
y
2
)
uo
(
x− y
2
)
dx. (28)
3.3 Weakly diffraction regime
If the initial radius ro of the beam and the correlation radius `c satisfy the
scaling relations kr2o  z and k`2c  z, we have a weak diffraction regime,
where the expressions of the first and second moments of the beam simplify to
E[u(x, z)] = uo(x) exp
(
− k
2σ2`zz
8
)
, (29)
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and
E
[
u
(
x+
y
2
, z
)
u
(
x− y
2
, z
)]
= uo
(
x+
y
2
)
uo
(
x− y
2
)
× exp
[
k2`zz
4
(R(y)−R(0))] . (30)
This corresponds to multiplying the initial beam profile uo(x) with a global
phase screen.
4 Demultiplexing and channel efficiency
We now use the results in section 3 to quantify the recovery of a single mode
transmitted through a turbulent random medium. The recovery (demultiplex-
ing) amounts to projecting the received wave field onto the basis of the transmit-
ted modes and looking at the detected powers. We compare the efficiencies of
the different orthogonal beam families discussed in Section 2. We use through-
out the setup described in section 2.5, where the apertures of the transmitter
and receiver arrays are the same disk A of radius a.
4.1 SVD based multiplexing
For the SVD based MIMO scheme, suppose that the transmitter array trans-
mits the j-th homogeneous input mode u(x, z = 0) = uINj (x) for j ≥ 0, and
the receiver array projects the beam u(x, z = L) transmitted through the tur-
bulent medium onto the homogeneous output modes uOUTl (x), for l ≥ 0. The
projection coefficients are defined by
pl,j =
∣∣ ∫A u(x, L)uOUTl (x)dx∣∣2∫
A |u(x, L)|2dx
. (31)
Since (uOUTl )l≥0 is a complete orthonormal basis of L
2(A), the sum of these
non-negative coefficients is
∑∞
l=0 pl,j = 1. The mode u(x, z = 0) = u
IN
j (x) is
well transmitted when pj,j is close to one, so we can call this coefficient the
channel efficiency.
In section 4.3 we calculate the coefficients (31) using the phase screen method
described in section 3.1. We also compare them with the theoretical predictions
of the Itoˆ-Schro¨dinger model in the weakly diffractive regime, obtained by taking
the expectation in (31) and using the simple second moment formula (30),
Pl,j =
∫∫
A2
uOUTj (x)u
OUT
j (x
′)
× uOUTl (x)uOUTl (x′)K(x− x′)dxdx′, (32)
where
K(x) = exp
[
k2`zL
4
(R(x)−R(0))] . (33)
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In particular, the predicted channel efficiency is
Pj,j =
∫∫
A2
|uOUTj (x)|2|uOUTj (x′)|2K(x− x′)dxdx′. (34)
Note that since we assume identical transmitter and receiver apertures, the
Rayleigh length calculated with the initial beam profile radius (15) equals the
transmission distance L, so diffraction plays a role in the simulations. Never-
theless, the results in section 4.3 turn out to be in good agreement with the
theoretical prediction estimates (32–34).
4.2 OAM multiplexing
Let us index the OAM modes by their topological charge j ∈ Z in the phase
exp(ijθ), which is natural for the Bessel-Gauss beams. The Laguerre-Gauss
beams have a second index, but we already know from section 3 that the signif-
icant such modes (in terms of power in the aperture) are basically the same as
the modes obtained with the SVD approach, discussed above. Therefore, here
we focus attention on the Bessel-Gauss beams.
When the transmitter array emits the beam uBGj (x, z = 0) defined in (3), the
receiver array projects the transmitted beam u(x, z = L) onto the theoretical
profile uBGl (x, z = L) given by (4). This corresponds to defining the projection
coefficients
pBGl,j :=
∣∣ ∫A u(x, L)uBGl (x, L)dx∣∣2∫
A |u(x, L)|2dx
∫
A |uBGl (x, L)|2dx
, (35)
where j indexes the initial condition. Note that
(
uBGl (x, L)
)
l∈Z is not a com-
plete orthonormal basis of L2(A), so these coefficients do not sum to one,∑∞
l=−∞ p
BG
l,j 6= 1. We can, however, modify the definition of the coefficients
to recover this normalization property [16]. The new coefficients are
pOAMl,j :=
∫ a
0
∣∣ ∫ 2pi
0
u(r, θ, L)e−ilθdθ
∣∣2rdr
2pi
∫ a
0
∫ 2pi
0
|u(r, θ, L)|2dθrdr
, (36)
and they satisfy
∑∞
l=−∞ p
OAM
l,j = 1, by Parseval’s equality.
In the weakly diffractive regime we have
uBGj,o (x) ≡ uBGj (x, z = 0) = uBGj (x, z = L),
and the theoretical predictions of the coefficients (35) and (36) given by the
Itoˆ-Schro¨dinger model are
PBGl,j =
∫∫
A2 u
BG
j,o (x)u
BG
j,o (x
′)uBGl,o (x)u
BG
l,o (x
′)K(x− x′)dxdx′[ ∫
A |uBGj,o (x)|2dx
][ ∫
A |uBGl,o (x)|2dx
] (37)
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and
POAMl,j =
NOAMl,j
DOAMl,j
, (38)
NOAMl,j =
∫ a
0
∫∫
[0,2pi]2
uBGj,o (r, θ)u
BG
j,o (r, θ
′)
×KOAM(r, θ − θ′)eil(θ′−θ)dθdθ′rdr, (39)
DOAMl,j =2pi
∫ a
0
∫ 2pi
0
|uBGj,o (r, θ)|2dθrdr, (40)
where K(x) is defined in (33) and
KOAM(r, θ) = exp
[
k2`zL
4
(Rν(2r∣∣ sin(θ
2
)
∣∣)−Rν(0))] . (41)
For illustration, we plot in Figure 5 the coefficients POAMl,j as a function of
`c/a for j = 1 (left plot) and j = 9 (right plot). We consider various values of
∆ = |l−j| and note that the sign of l−j does not affect POAMl,j in view of (3) and
(39). We use σ2k2`zL = 8, ro/a = 1, βa = 6, ν = 5/6, so that the mean field
is strongly damped, but not completely vanished (see (29)), there is a strong
interaction between the aperture and the initial radius, and the variations in
the source Bessel function are captured within the initial radius. Similar results
were obtained in [16, 22] based on a formal model for the effect of the turbulence
in the form of a phase screen. Here we have put this model in the mathematical
framework of beam propagation in random media, which makes explicit the
scaling regime where it is valid, and we clarified the link between the phase
screen parameters and those of the model for the physical medium. The figure
shows that the cross talk between the modes becomes noticeable in a regime
corresponding to `c & a. The numerical simulations in the next section are in
this regime.
4.3 Numerical simulations
We now present numerical results obtained with the phase screen method de-
scribed in section 3.1, for the setup in section 2.5, and the Kolmogorov-type
model of the covariance obtained from definition (22). The hyperparameters in
this model are ν = 5/6, `c = 20cm (i.e., L0 = 37cm) and we consider three
values of C2n corresponding to a homogeneous medium (C
2
n = 0), weak turbu-
lence (C2n = 10
−14) and stronger turbulence (C2n = 4 · 10−14). These choices are
similar to those in [5, 16], except for the outer scale L0, which is smaller in our
simulations. This does not have a big effect because the radius of the beams
is smaller than the radius a = 5cm of the apertures and therefore smaller than
L0. The wavelength is λ = 850nm and the transmission distance is L = 1km.
The SVD based multiplexing is carried out using the SVD of the transfer
matrix in the synthetic homogeneous medium. The transmitter and receiver
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Figure 5: Theoretical prediction (38) of the projection power for j = 1 (left
plot) and j = 9 (right plot) as a function of `c/a. The different curves are for
the values of ∆ = |l − j| shown in the legend.
aperture A is as in the left plot in Figure 1, so in the simulations we shift the
beam axes to pass through the center (5, 5)cm of A.
In the top two rows of Figure 6 we display the modulus of the beam at
the receiver array, due to the initial profile given by the j = 9-th input SVD
mode in Figure 2. The results are obtained in two realizations of the turbulent
random medium, for the stronger turbulence (C2n = 4 · 10−14). We also display
the projection coefficients (31). As expected, the channel efficiency is perfect
(pj,j = 1) in the homogeneous medium, and it deteriorates in the turbulent
medium, due to mode mixing, and the result is dependent on the realization of
the medium.
Figure 7 is the analogue of Figure 6, except that the input beam is the
9−th Bessel-Gauss mode. The main difference between Figures 6 and 7 is that
the power delivered by the Bessel-Gauss beam is mostly on the edges of the
aperture, whereas for the SVD mode the power is well contained inside the
aperture. This plays a role for higher mode numbers, because the Bessel-Gauss
modes do not take the finite aperture into account and they deliver less and less
power within the receiver array. See Figure 8 for an illustration of this effect in
the homogeneous medium.
The plots in Figures 6 and 7 show that the channel efficiency varies from one
realization of the random medium to another. Therefore, we display in Figure
9 the mean channel efficiency obtained by averaging over 100 realizations of the
random medium, and its standard deviation. The solid lines in these figures
show the performance of Bessel-Gauss (black and blue lines) and SVD modes
(red lines). We also plot with the dotted lines the theoretical predictions given
by the Itoˆ-Schro¨dinger model in the weakly diffractive regime. It appears that
the low-order Bessel-Gauss modes are approximately as good as the low-order
SVD modes. However, the mean channel efficiency of the Bessel-Gauss modes
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Figure 6: Here the input beam is the j = 9th mode obtained from the SVD.
The top two rows show the transmitted field moduli at the receiver array. The
second row is a zoom of the first, more exactly the values of the modulus of the
field recorded by the receiver array. The axes are the coordinates in the cross-
range plane, in meters. The bottom row plots the projection coefficients pl,9 for
l = 0, . . . , 39. The left column is for the homogeneous transmission medium.
The middle and right columns are for two realizations of the random medium
with turbulence level C2n = 4 · 10−14.
decreases much faster with the mode number. The channel efficiencies of the
SVD modes also have smaller standard deviation.
The comparison between the red solid and dotted lines in the left plots of
Figure 9 shows a good quantitative agreement between formula (32) and the nu-
merical simulations. This is because the profiles of the transmitted SVD modes
are well captured by the receiver array and the predictions of the Itoˆ-Schro¨dinger
model in the weakly diffractive regime are reliable. When comparing the solid
and dotted black and blue lines, we observe only qualitative agreements between
formulas (37-38) and the numerical simulations. This is because the profiles of
the transmitted Bessel-Gauss modes are poorly captured by the receiver array
(the modes are concentrated on a thin annulus which diffracts) and the predic-
tions of the Itoˆ-Schro¨dinger model in the weakly diffractive regime are then not
reliable.
5 Summary
We introduced a mathematical framework for studying MIMO and OAM mul-
tiplexing for free-space optical communications between a transmitter and re-
ceiver array, using laser beams. The study takes into account the finite aper-
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Figure 7: Here the input beam is the j = 9th input Bessel-Gauss mode with
radius ro given by (15). The top two rows show the transmitted field moduli
at the receiver array. The second row is a zoom of the first. The axes are
the coordinates in the cross-range plane, in meters. The bottom row plots the
projection coefficients pBGl,9 (solid line) and p
OAM
l,9 (dashed line) for l = 0, . . . , 39.
The left column is for the homogeneous transmission medium. The middle and
right columns are for two realizations of the random medium with turbulence
level C2n = 4 · 10−14.
tures of the arrays and the scattering of a turbulent transmission medium. For
the commonly used circular apertures, we connected the two multiplexing ap-
proaches using the theory of prolate spheroidal functions. Explicitly, we showed
that in regimes with a large number of significant singular values of the trans-
fer matrix (i.e., many modes available for multiplexing), the MIMO approach
is the same as the OAM approach for Laguerre-Gauss vortex beams, provided
these have a well callibrated initial radius that depends on the wavelength, the
distance of propagation and the ratio of the radii of the transmitter and receiver
apertures. These communication modes are superior to other vortex beams, for
example Bessel-Gauss, which do not take the finite aperture effect into account.
We used the theory of beam propagation in random media to put the phase
screen numerical propagation method in a mathematical framework and to clar-
ify the dependence of the phase screen parameters on the Kolmogorov-type
model of turbulence. The theory gives theoretical estimates of the communi-
cation channel efficiency, which are compared with numerical results obtained
with the phase screen method. The results demonstrate the superior perfor-
mance of the SVD based multiplexing/demultiplexing approach for communi-
cation through a turbulent medium.
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Figure 8: Channel efficiencies in the homogeneous medium: pBGj,j (solid blue)
and pOAMj,j (solid black) for the Bessel-Gauss modes and pj,j (solid red) for the
SVD modes.
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